In this paper, all rings R have identity, and all modules are unitary left i?-modules. The category of left .β-modules is denoted by R^t.
A torsion theory of modules is a pair (^7 ^) of subclasses of R^ satisfying:
(1) J^~ Π j r = {0}. to [5] .
Let (^7 ^) be a torsion theory for R^. Modules in ^ are called torsion, and those in J^ are called torsionfree. Each A e R^£ * has a unique maximal torsion submodule, denoted by ^~(A). J7~ is closed under taking direct sums, and j^~ is closed under taking direct products. ^~ = {Te R^f \ Horn* (T, F) = 0 for all FG/"), and {^e^ i Hom β (T, F) = 0 for all Te ^~). A subclass if of is closed under taking extensions if A, B e ^and 0->A->J5Γ->B->0 is exact imply X e ^. Both ^" and J^ are closed under taking extensions. A class ^ is closed under taking injective envelopes if 4e^ implies E(A) e ^, where E(A) denotes the injective envelope of A. J7~ is closed under taking submodules if and only if ^~ is closed under taking injective envelopes. When (^7 &~) has this property, then (^7 ^)
is called a hereditary torsion theory. In this case ^~ is also a class of negligible modules in the sense of P. Gabriel [10] , and hence there is a topologizing and idempotent filter F(J7~) of left ideals associated with ^T For results concerning these filters, the reader is referred to [10] or [15] .
For convenience ExtJ {A, B) will be written as Ext w {A, B) throughout this paper. The following notations concerning homological dimensions are used for the ring R and the JS-module M:
1* Injectives and splitting* Let (,^7 ^) be a splitting torsion theory for Λ J^, i.e., ^~(M) is a summand of each M^R^£.
Since an injective module is always a summand of any module containing it, it is natural to wonder how much a module in J7~ must "resemble" an injective module. The first lemma examines the case of the maximal torsion submodule of an injective module. It shows that the splitting of (^7 ^) implies that J7~ is closed under taking injective envelopes. This is the smallest topologizing and idempotent filter containing the essential left ideals. For other results on (5^, ^O> the reader is referred to [1] , [11] or [14] .
V. Cateforis and F. Sandomierski [4] have studied the splitting of (Sf, ^V) for commutative rings with Z(R) = 0. Z{R) = 0 if and only if Z(ikf) -^(Jf) for all Me R^£ .
Hence saying (^, ^) splits and Z(JB) = 0 is equivalent to saying that the singular submodule always splits off. In [4] it is shown that whenever (g^, ^V) is splitting, R is commutative, and
The results below show that this bound can be kept for modules in .yΓ (i.e., h. dim (N) ^ 1 for all Ne^V) when the commutative hypothesis on R is dropped. Moreover, if (^, ^V*) splits and Z(iί) = 0, then 1. gl. dim R ^ 2.
by Lemma 1.2. Then the exact sequence
for all n ^ 2. So the exact sequence 
Ly Theorem 1.3 and the first part of the proof. Hence 1. gl. dim R <£ 2.
3* Relative homological algebra* In [6] the right derived functors of a torsion subfunctor of the identity were calculated. This leads to a relativized injective dimension of modules for each hereditary torsion theory, and hence to a global dimension of n^ depending on the hereditary torsion theory (^ ^) chosen. This global dimension is denoted by J7~ gl. dim. R.
In [1] it is shown that if 5f gl. dim. R = 0, then (5f, Λ") splits. S. E. Dickson has conjectured [7] that the simple theory (^ &") (i.e., the torsion theory whose torsion class is the smallest torsion class containing the simple jB-modules) splits if and only if S? -R^€ . In this section it is shown that Sf = R^ if and only if Sf gl. dim. R = 0. Moreover, for any hereditary torsion theory (^7 ^H* Theorem 3.1 below shows that ^ gl. dim. R = 0 if and only if ^ is a TTF class in the sense of [13] , i.e., a class closed under taking submodules, factor modules, direct products, and extensions.
The 
induces the exact sequence
Hence it is sufficient to show that RAF") = 0 for all F e j^~. Since ^ is closed under injective envelopes, ^~{E{F)) = 0 for all Fe^.
Hence the formula for RAF) reduces to J^~(E(F)/F) whenever FeJ?:
But ( (2) => (1): By (2), S? = Λ^^ and hence jr = {0}. Thus ^" is trivially closed under homomorphic images, and hence (1) follows from Theorem 3.1.
Let J7~S denote the smallest torsion class containing the simple JS-module S. If each T e £f <ϋ R^ can be written as where <& is a set of nonisomorphic simple i?-modules, then R is said to have primary decomposition (PD) for S^. For further results on (PD), the reader is referred to [5] and [9] .
In order to characterize rings for which every hereditary torsion theory has dimension zero, the following result of H. Bass [2] is needed:
THEOREM P. The following are equivalent:
is semi-simple Artinian and J(R) is right T-nilpotent, where J(R) denotes the Jacobson radical of R. (3) R contains no infinite sets of orthogonal idempotents and nonzero left modules have nonzero socles.

THEOREM 3.3. Every hereditary torsion theory (j^~, J^~) for has J7~ gl. dim R = 0 if and only if R is the direct sum of finitely many right perfect rings, each of which has a unique maximal twosided ideal.
Proof. (=>): By ^ gl. dim 12 = 0 and Corollary 3.2, nonzero modules have nonzero socles. From j^~s gl. dim R -0, Theorem 3.1, and [5] , Theorem 5.3, it follows that R has (PD). Since each ^" S {R) is a two sided ideal, then R -R ι + R 2 + + R n (ring direct sum), where each JB 4 = ^l(R) for some simple module S. Then nonzero left R Γ modules have nonzero socles, and hence J(Ri), the Jacobson radical of R, is right T-nilpotent by an argument of H. Bass [2] It remains to show that RJJiRt) is a simple Artinian ring; for then the required properties of R { follow from Theorem P. Proof. (2) <=> (3) is immediate from [12] , Lemma 1 and Theorem 3.3.
(1) => (3): Let O^ie R^ be a module with no maximal submodule. Define &~ by ^ = {Ie^ | Horn (A, X) = 0}. It is easily checked that J^~ is closed under taking submodules, extensions, and direct products; hence ^ is a torsionfree class by [5] , Theorem 2.3. Since all the simple left iϋ-modules are in ^ this contradicts (1) . (3) Proof. (1)~ (2) is Theorem 3.3; (2) <=> (3) is a result of I. Kaplansky (see [2] ); and (2) <=* (5) is [9] , Theorem 5.4.
(1) and (2) => (4): By Corollary 3.4, every torsion theory is of simple type. (PD) follows from (2) , and hence every torsion theory splits.
(4) ==> (5) 4* Central splitting* A pair of torsion theories is called a torsion-torsionfree (TTF) theory. In this case is both a torsion and a torsionfree class, and hence S~ is called a TTF class as in [13] . In § 3 it was pointed out that TTF theories are related to ^gl. dim. R -0, whenever (^ ^~) is hereditary. The splitting of TTF theories is studied in [13] , and the following is the main result obtained: THEOREM 4.1. ([13], Th. 2.4) . Suppose that (^, jT"), (jr; is a TTF theory. Then the following are equivalent:
{ring direct sum).
The following questions concerning a TTF theory were raised in a conversation between R. L. Bernhardt and the author: (1) If ( c^7^r ) is splitting, is (<ίf, ^") also splitting? (2) In case (^, ^") is splitting, when does (^ ^") have the special type of splitting described in Theorem 4.1? Examples are given to show that either one of (^ S") or (^% w^r ) may be splitting without the other splitting. Conditions under which the splitting of one implies the splitting of the other are discussed.
If (^, ^~) satisfies the condition described in Theorem 4.1 (1), then (^ ^~) will be called central splitting (as in [3] ). The following result ( [13] , Th. 2.1) may be useful to the reader in the sequel: A hereditary torsion theory (^ &~) for R^€ has the property that is closed under taking direct products if and only if the filter = {KI R/Kejr, K is a left ideal of R) has a smallest element I. In this case / = ^(R), where (<£*, J7~) is a torsion theory. Before stating the first sufficient condition for the splitting of Π to imply the splitting of (^, ^"), a lemma due to S. E. Dickson is needed. [7] , Proposition 1 is a weaker form of this lemma, however, the proofs are almost identical. Hence £& is closed under direct products. Then ^ is a TTF class, and (ΐT, JH and (J^ j^) are torsion theories. Since R/I is a protective simple jβ-module, it follows that all modules in ^~ are protective. Hence (^ ^) is splitting. But~{ R) = UQ fy \x, y e Q\ is not a direct summand of R; so is not splitting. PROPOSITION 4.7 . Let ^ be a TTF cJαss, <md let (^, ^") 6β α splitting torsion theory. Then the following are equivalent:
(1) (^, ά?~) is central splitting (2) (^, ^") is hereditary
